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Elasto-Plastic Analysis of Adhesively Bonded
Symmetric Single Lap Joints Under In-Plane
Tension and Edge Moments

Jungmin Lee
Samsung SDI, Corporate R & D CAE Team, Kiheung, South Korea

Hyonny Kim
Department of Structural Engineering, University of California –
San Diego, La Jolla, California, USA

An analysis is presented that predicts adhesive shear and peel stresses and strains
in an adhesively bonded single lap joint having symmetric configuration with
adhesive behavior. The single lap joint is under tension loading together with
moments induced by the interactions of the geometric eccentricity and the bound-
ary conditions of the joint. The von Mises yielding criterion is used to relate the
adhesive stress components within the yielded region. The adhesive strains are
computed from the relative displacements of the adherends and can be considered
as an average of the strain variation through the adhesive thickness direction.
Example calculations show that the predicted adhesive shear and peel stress
and strain profiles are well matched to detailed finite element analysis results.
Generally, the analytical model predictions are found to be more accurate when
the adhesive thickness is small.

Keywords: Beam on elastic foundation; Nonlinear adhesive; Shear-lag; Symmetric
joint; Von Mises yielding criterion

INTRODUCTION

An analytical model is developed that predicts shear and peel stresses
in adhesively bonded symmetric single lap joints while accounting for
elastic-to-perfectly plastic adhesive behavior. The joints are loaded by
both in-plane tension force and by moments induced from the
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geometric eccentricity of the joint. When the joint is symmetric, the
shear and peel governing equations are decoupled and the edge
moments can be calculated from joint geometry. The model computes
shear stress based on shear lag assumptions and predicts peel stress
using the beam on elastic foundation (BOEF) approach. Inside the
elastic region, the governing equations are solved directly by using
the linear constitutive relationship of the adhesive. The relationship
between shear and peel stresses inside the plastic region is defined
by the von Mises yielding model.

Classical analyses, based on shear-lag assumptions, have been pre-
viously developed to predict the adhesive shear stress in bonded joints
of uniform bondline thickness for a symmetric joint with tension load
only [1,2]. Improvements to the classical model include predicting peel
stress [3–6], considering the asymmetry of the adherends [7–12],
accounting for the effects of bondline thickness variation along the
overlap dimension [13], and allowing for transverse shear deformation
of the symmetric adherends [14].

Goland and Reissner [3] had first noticed the importance of the
adhesive peel stress in addition to the adhesive shear stress in
bonded lap joints. In order to solve the adhesive peel stress equation,
a uniform rotation of the symmetric joint was assumed with corre-
sponding edge moments computed from the joint geometry. Ojalvo
and Eidinoff [4] and Oplinger [5] derived coupled governing equa-
tions based on plate theory in the manner first introduced by Goland
and Reissner [3] and noted that the joint rotates nonlinearly as a
function of the applied tension load. This rotation of the joint should
generally be accounted for when calculating the moment boundary
conditions.

Kline [6] presented a general joint analysis theory accounting for
asymmetry of the joint adherends but provided a solution for only
the symmetric case. Delale et al. [7] extended Goland and Reissner’s
approach for symmetric joints by formulating the adhesive shear
stress equation to account for asymmetric adherends. However, the
suggested edge moment boundary conditions by Delale et al. [7]
results in a shear stress solution that does not equilibrate with the
applied tension load. Approaches for the shear stress solution to asym-
metric joints are presented by Yang and Pang [8], Bigwood and
Crocombe [9], Mortensen and Thomsen [10] and Wu et al. [11] simi-
larly do not balance applied force. Lee and Kim [12] presented a
closed-form analytical elastic solution to the generally asymmetric
joint that can consistently account for equilibrated edge moments
and at the same time predicts a shear stress profile which is in force
equilibrium with the applied loading. The aim of this article is to
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extend the model to account for nonlinear material behavior of the
adhesive, namely plasticity which develops prior to failure.

Adhesive plasticity before failure was accounted for in the analysis
of symmetric scarf joints or single lap joints under in-plane shear
load [15,16] and single lap joints under in-plane tension load [17–
24]. The analysis of single lap joints under in-plane shear load is
relatively simple because only adhesive shear stress needs to be con-
sidered. Nguyen and Kedward [15] suggested a two-parameter func-
tion to curve-fit the nonlinear adhesive constitutive behavior for use
in adhesively bonded scarf joints. Kim and Lee [16] used the two-
parameter fitting function to capture the nonlinearity of the adhesive
behavior including softening after ultimate strength. The nonlinear
adhesive shear governing equation was numerically solved to calcu-
late the adhesive shear stress distribution in bonded symmetric
single lap joints.

Hart-Smith [17] introduced an elastic-perfectly plastic subdivision
of the adhesive joint to predict the adhesive shear stress and strain
profiles. The Hart-Smith’s elasto-plastic model [17] assumed that the
ultimate shear stress and strain in the model were equal to the ulti-
mate shear stress and strain of the real stress-strain curve of the
adhesive, thereby maintaining the same strain energy. Pickett and
Hollaway [18] adopted Hart-Smith’s approach to determine the
adhesive shear stress in fiber-reinforced plastic lap joints while com-
puting adhesive peel stress using nonlinear finite element analysis
(elastic-perfectly plastic behavior). The interaction of the peel and
shear stresses in the yielded region was not investigated. Adams
et al. [19] also adopted an approach accounting for nonlinear adhesive
behavior that treats the peel stress as elastic-only.

Bigwood and Crocombe [20,21] pointed out the importance of the
yielding model for the nonlinear adhesive problem. Secant modulus
was used to correlate the three-dimensional stress and strain compo-
nents over the whole adhesive constitutive behavior, hence the non-
linear adhesive problem was treated as an elastic problem with
constantly varying modulus. Six first-order nonlinear differential gov-
erning equations were numerically integrated and all boundary con-
ditions were initially assumed and then corrected iteratively.
Comparison of their analytical solution with nonlinear finite element
model calculations of the adhesive shear stress profile showed the ana-
lytical solutions to be accurate at the center portion of the joint.
Under-prediction of the adhesive shear stress at the end of the joint
reveals a concern, namely that the shear stress profile does not bal-
ance with the applied loading. Another iterative algorithm was sug-
gested by Thomsen [22] for adhesively bonded tubular lap joints,
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however, no validation to the suggested analytical model was
provided.

Yang et al. [23] presented a simple closed-form model with an elastic-
plastic adhesive. The J2 flow rule and von Mises yielding criterion
were used to predict the adhesive stress behavior in the yielded region.
Adhesive shear stress in the plastic region was assumed to be domi-
nant over all the other stress components, including peel stress. All
adhesive stress components except adhesive shear stress were, thus,
neglected.

A different approach by Tong [24,25] suggests an energy-based
method to predict failure of the joint. The adhesive shear and peel gov-
erning equations were integrated to compute Modes I and II strain
energy release rates. End-notched flexure adhesive specimens with
the initial crack length, a, were used to relate these calculations to
failure loads. As presented, Tong’s method [24,25] does not explicitly
predict the adhesive stress profiles and the implementation of a
fracture-based criterion is difficult to apply to bonded lap joint pro-
blems when the initial crack size is unknown, and in many cases does
not exist prior to failure.

This article presents the development of a closed-form analytical
model that accounts for elastic-perfectly plastic adhesive behavior in
symmetric single lap joints. The independent adhesive stress compo-
nents throughout the adhesive are computed in a manner such that
force equilibrium is always satisfied. From the shear and peel stress,
shear and peel strain profiles are also computed which can be used
for failure assessment.

MODEL DESCRIPTION

The adhesively bonded symmetric single lap joint with all relevant
geometric parameters is shown in Figure 1. The only externally

FIGURE 1 Single lap bonded joint.
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applied load is the in-plane force per unit width, Nx. The following
assumptions are made for the symmetric single lap joint:

. plane strain conditions (eyy ¼ cxy ¼ cyz ¼ 0);

. adherends and adhesive have constant thickness;

. shear and peel stress is uniform through the adhesive thickness
(z-direction);

. adherends do not deform due to transverse shear;

. linear elastic adherends;

. adhesive behaves as an elastic-to-perfectly plastic material;

. joint is symmetric—adherends are identical in thickness (t2 ¼ t1)
and material.

In Figure 1, the adhesive layer is subdivided into yielded and elastic
regions. Since the joint is geometrically and materially symmetric, the
yielded regions at both sides of the joint are the same size. As shown in
Figure 2, boundary conditions are defined such that the joint is fixed
at the left-end side (x ¼�c) against all movement and the in-plane
tension load is applied to Adherend 1 at the right-end side (x ¼ c),
where the joint is free to move along the vertical direction but is con-
strained against the rotation. Therefore, at the boundaries, the trans-
verse shear resultants Q1 and Q2 are zero, and the edge moments M1

and M2 are induced from the load path eccentricity. It has been shown
that these edge moments can be computed from a simple geometric
relationship when the joint is symmetric [12]. Note that the transverse
displacements at x ¼ c was not constrained since real structures with
significant unbonded length, e.g., the thin skin of an aircraft in a sin-
gle lap splice joint, would not have the same degree of transverse dis-
placement constraint which exists when testing a lap joint in a test
machine using rigid grips. However, to preserve consistency of the
loading direction, the condition of no rotation was enforced.

FIGURE 2 Boundary conditions.
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Governing Equations

A differential slice, dx, of the joint at any location x is shown in
Figure 3. The tangential (x-direction) and normal (z-direction) displa-
cements at the interfaces of the adherends and the adhesive at z1 ¼ 0
and z2 ¼ t2 are defined as u1, w1 and u2, w2, respectively. These
adhesive-adherend interfacial displacements are a function of the in-
plane axial stress resultants (N1 and N2), the internal moment resul-
tants (M1 and M2), and the joint geometric and material parameters
(thickness t, modulus E, and bending rigidity D) of the adherends.
The adhesive shear strain, ca

xz, is determined from the interface-
adjacent horizontal displacements, u1 and u2, and thickness, ta, of

FIGURE 3 Differential element of single lap joint.
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the adhesive:

ca
xz ¼

1

ta
ðu1 � u2Þ: ð1Þ

Differentiating Eq. (1) with respect to x yields

dca
xz

dx
¼ 1

ta
ðex1 � ex2Þ: ð2Þ

ex1 and ex2 are the x-directional normal strains in the adherends at
the adhesive interface. These can be computed from the in-plane axial
stress resultants (N1 and N2) and the internal moment resultants (M1

and M2) based on simple beam theory. Differentiating Eq. (2) with
respect to x once more yields the relationship

d2ca
xz

dx2
¼ 1

ta

1

E1t1
þ 1

E2t2

� �
þ 1

4

t2
1

D1
þ t2

2

D2

� �� �
sa

xz

þ 1

2ta

t1

D1
Q1 þ

t2

D2
Q2

� �
ð3Þ

where sa
xz is the adhesive shear stress which can be shown to relate Ni,

Mi, and Qi via force and moment equilibrium applied to the differen-
tial slices shown in Figure 3 [12]. Also, Ei and Di in Eq. (3) are the
adherend elastic modulus and bending rigidity, respectively. The sub-
script i indicates Adherends 1 and 2. The sum of the transverse shear
stress resultants within the adherends (Q1 and Q2) is zero when the
joint is geometrically and materially symmetric [12]. For symmetric
joints with t2 ¼ t1, E2 ¼ E1, and D2 ¼ D1, Eq. (3) simplifies to

d2ca
xz

dx2
¼ 1

ta

2

E1t1
þ t2

1

2D1

� �
sa

xz: ð4Þ

Eq. (4) is the governing equation for shear strain in the adhesive.
The adhesive peel stress, ra

zz, is determined from a beam on elastic
foundation model by considering the two adherends as beams connec-
ted by a deformable interface. The relative transverse displacements,
~ww, of the adherends are related as [12]

d4 ~ww

dx4
¼ � 1

D1
þ 1

D2

� �
ra

zz; ð5Þ

where ra
zz is the adhesive peel stress. Eq. (5) can be written as a func-

tion of adhesive peel strain ea
zz via the relationship

ea
zz ¼

1

ta
ðw1 �w2Þ ¼

~ww

ta
: ð6Þ
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Substituting Eq. (6) into Eq. (5) yields

d4ea
zz

dx4
¼ � 1

ta

1

D1
þ 1

D2

� �
ra

zz: ð7Þ

For symmetric joints Eq. (7) is further simplified to the following
form:

d4ea
zz

dx4
¼ � 2

taD1
ra

zz: ð8Þ

Eq. (8) is the governing equation of the peel strain in the adhesive.
Note that since the adhesive peel and shear strains ðea

zzÞ and ðca
xzÞ

are computed from the relative displacements of the adherends [see
Eqs. (1) and (6)], these quantities can be considered as the nominal
(or averaged) values of the peel and shear strain through the adhesive
thickness direction. Also note that the governing equations, Eqs. (4)
and (8), are applicable to an adhesive with nonlinear constitutive
behavior since no assumptions have yet been made to relate stresses
and strains.

Adhesive Constitutive Behavior

Three-dimensional constitutive behavior of the adhesive in the elastic
region is given in Eq. (9). Ea is the Young’s modulus of the adhesive
and n is the Poisson’s ratio. All stresses and strains with the super-
script a are the adhesive stresses and strains:

ra
xx

ra
yy

ra
zz

sa
yz

sa
xz

sa
xy

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
¼ Ea

ð1� 2nÞð1þ nÞ

1� n n n 0 0 0

n 1� n n 0 0 0

n n 1� n 0 0 0

0 0 0 1� 2n
2

0 0

0 0 0 0 1� 2n
2

0

0 0 0 0 0 1� 2n
2

2
66666666664

3
77777777775

�

ea
xx

ea
yy

ea
zz

ca
yz

ca
xz

ca
xy

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
: ð9Þ
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Generally, the adhesive normal stress, ra
xx, is very small compared

with the other adhesive stress components, hence this stress compo-
nent is assumed to be negligible [21,22]:

ra
xx ¼ 0: ð10Þ

Eq. (9) can be further simplified by assuming plane strain con-
ditions ðea

yy ¼ ca
yz ¼ ca

xy ¼ 0Þ:

ra
xx

ra
yy

ra
zz

sa
yz

sa
xz

sa
xy

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
¼

0
nEa

ð1� n2Þ e
a
zz

Ea

ð1� n2Þ e
a
zz

0
Gaca

xz

0

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
; ð11Þ

where Ga is the shear modulus of the adhesive. Note that ea
xx is nonzero

and can be related to the adhesive peel strain, ea
zz, via the plane strain

assumption and Eq. (10).

ea
xx ¼ �

n
1� n

ea
zz: ð12Þ

Therefore, the two remaining independent strain components appear-
ing in Eq. (11) are the adhesive shear strain, ca

xz, and the adhesive peel
strain, ea

zz.
The von Mises yielding criterion is used to define the yielded region of

the adhesive. Von Mises effective stress can be expressed as a function
of only the adhesive peel stress, ra

zz, and shear stress, sa
xz, by relating the

stress component, ra
yy, to the peel stress, ra

zz, via the peel strain, ea
zz:

reff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn2 � n þ 1Þðra

zzÞ
2 þ 3ðsa

xzÞ
2

q
: ð13Þ

It should be noted that the von Mises yield criterion accounts only for
shear deformation processes and, thus, the analysis presented herein
specifically does not include the effects of hydrostatic stress on the yield-
ing behavior of the adhesive. This model was used due to its simplicity
in the development of the closed-form solution presented herein. More
complex yield criteria such as the Drucker-Prager models would need
to be employed in order to account for the effects of combined deviatoric
and hydrostatic stress components in the adhesive’s yielding behavior.

Upon initial loading by the in-plane tension force, Nx, the adhesive
shear and peel stresses developed in the adhesive are elastic until
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the effective stress computed from Eq. (13) reaches the uniaxial yield
stress ðrYÞ. Due to the assumption of elastic-perfectly plastic
adhesive behavior, the effective stress has a constant value of rY

inside the yielded region. The in-plane tension force corresponding
to when the adhesive effective stress just reaches the yielding stress
will be referred to as the first yielding load, N1

x . Adhesive stress com-
ponents at this loading level are r1

zz and s1
xz, and will be defined as

the first yielding point. Note that the exact values of r1
zz and s1

xz

are dependent upon the joint geometry. As the loading increases,
the size of the yielded region grows and expands into the elastic
region (see Figure 1).

In order to model the complex adhesive behavior within the yielded
region, as observed via nonlinear finite element models, and to satisfy
global force equilibrium of the adhesive stress profiles, the variation of
the adhesive stress components within the yielded region are modeled
by dividing the yielded region into two domains: fixed stress and vary-
ing stress. The fixed stress domain is at the outermost portion of the
adhesive, nearest to x ¼ � c, as shown in Figure 4. Within the fixed
stress domain, the adhesive peel and shear stress have static values
r1

zz and s1
xz matching the first yielding point. Within the varying stress

domain, the adhesive peel and shear stresses are different from r1
zz

and s1
xz. In both cases, the adhesive effective stress, reff [Eq. (13)], is

equal to the yield stress, rY . The fixed stress domain is defined as
cp � jxj � c. The varying stress domain is defined as cs � jxj � cp. Both
domains together define the yielded region. The details of computing
the stresses and strains within these domains, the size of these
domains (i.e., cs and cp), and the stresses and strains within the elastic
region are described in the following sections.

ELASTIC STRESS SOLUTION

Within the elastic region, the governing equations [Eqs. (4) and (8)]
are written in terms of adhesive peel and shear strain components

FIGURE 4 Adhesive yielded region divided into fixed stress and varying
stress domains
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(ea
zz and ca

xz) using the elastic constitutive relationships in Eq. (11).

d4ea
zz

dx4
¼ � 2Ea

D1tað1� n2Þ e
a
zz ð14Þ

d2ca
xz

dx2
¼ Ga

ta

2

E1t1
þ t2

1

2D1

� �
ca

xz ð15Þ

Eqs. (14) and (15) are solved for the adhesive peel strain, ea
zz, and

adhesive shear strain, ca
xz, respectively:

ea
zzðxÞ ¼ C1 cos bx cosh bxþ C2 sin bx sinh bx; ð16Þ

ca
xzðxÞ ¼ 2C3 cosh kx; ð17Þ

where

b ¼ 1ffiffiffi
2
p 2Ea

D1tað1� n2Þ

� �1=4

; ð18Þ

k ¼ Ga

ta

2

E1t1
þ t2

1

2D1

� �� �1=2

: ð19Þ

Note that Eqs. (16) and (17) account for the solutions being sym-
metric about x ¼ 0. C1, C2, and C3 in Eqs. (16) and (17) are constants
that can be found from the boundary conditions at the right end of
Adherend 1 at x ¼ c.

M1ðcÞ ¼
Nxt1

2
ð20Þ

Q1ðcÞ ¼ 0 ð21Þ

N1ðcÞ ¼ Nx ð22Þ

Eqs. (20) and (21) are related to peel strain, ea
zz, via Eq. (6) and beam

moment and shear force to displacement relationships.

d2ea
zz

dx2

����
x¼c

¼M1ðcÞ
D1ta

¼ Nxt1

2D1ta
ð23Þ

d3ea
zz

dx3

����
x¼c

¼ Q1ðcÞ
D1ta

¼ 0 ð24Þ

Elasto-Plastic Analysis of Symmetric Single Lap Joints 847

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
2
0
:
2
5
 
2
1
 
J
a
n
u
a
r
y
 
2
0
1
1



Eq. (22) is related to shear strain, ca
xz, by Eq. (2).

dca
xz

dx

����
x¼c

¼ Nx

ta

1

E1t1
þ t2

1

4D1

� �
ð25Þ

These boundary conditions are applied to Eqs. (16) and (17) to deter-
mine C1, C2, and C3.

C1

C2

� �
¼ Nxt1

2D1tab
2ðsin 2bcþ sinh 2bcÞ

cos bc sinh bc� sin bc cosh bc
cos bc sinh bcþ sin bc cosh bc

� �
ð26Þ

C3 ¼
Nx

2kta sinh kc

1

E1t1
þ t2

1

4D1

� �
ð27Þ

The adhesive peel and shear stress elastic solutions are written as:

ra
zzðxÞ ¼

Ea

ð1� n2Þ ðC1 cos bx cosh bxþ C2 sin bx sinh bxÞ; ð28Þ

sa
xzðxÞ ¼ 2C3Ga cosh kx: ð29Þ

The elastic adhesive stresses given by Eqs. (28) and (29) are effec-
tive within the whole domain�c � x � c as long as the applied tension
force, Nx, is smaller than the first yielding load, N1

x . N1
x is determined

by using the maximum values of the adhesive peel and shear stresses
[Eqs. (28) and (29) evaluated at x ¼ c] to find the loading at which the
adhesive effective stress, reff , Eq. (13), is equal to the uniaxial yield
stress, rY :

N1
x ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrYÞ2

ðj1 þ j2Þ

s
; ð30Þ

where j1 and j2 are defined as

j1 ¼ ðn2 � n þ 1Þ t1Ea

4D1tab
2ð1� n2Þ

sinh 2bc� sin 2bc

sinh 2bcþ sin 2bc

� �" #2

; ð31Þ

j2 ¼ 3
Ga coth kc

kta

1

E1t1
þ t2

1

4D1

� �� �2

: ð32Þ
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The adhesive stress components corresponding to the first yielding
point are computed, using N1

x , to be

r1
zz ¼

t1Ea

4D1tab
2ð1� n2Þ

sinh 2bc� sin 2bc

sinh 2bcþ sin 2bc

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrYÞ2

ðj1 þ j2Þ

s
; ð33Þ

s1
xz ¼

Ga coth kc

kta

1

E1t1
þ t2

1

4D1

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrYÞ2

ðj1 þ j2Þ

s
: ð34Þ

ELASTO-PLASTIC STRESS SOLUTION

Nx > N1
x , a yielded region develops in the adhesive starting at x ¼ � c.

The elastic governing equations [Eqs. (14) and (15)] can be still used
within the elastic region ð�cs � x � csÞ; however, these equations
cannot be immediately solved since the boundary conditions at the
interface of the elastic region and the yielded region ðx ¼ csÞ are
unknown a priori without also solving for stresses in the yielded
region. The stress components in the yielded region are related
by the von Mises yielding criterion, given by Eq. (13), with reff equal
to the yield stress, rY . Inside the fixed stress domain ðcp � jxj � cÞ,
the adhesive stress components ra

zz and sa
xz are fixed to the first

yielding point values r1
zz and s1

xz. Inside the varying stress domain
cs � jxj � cp, the relationship between adhesive stress components is
defined by Eq. (13). If one of the adhesive stress components can be
known in this region a priori, the other adhesive stress component
can be computed from Eq. (13). The adhesive peel stress, ra

zz, in the
varying stress domain is approximated for Nx > N1

x by the elastic peel
stress profile given by Eq. (28). Since ra

zz is known in the varying stress
domain, the adhesive shear stress, sa

xz, in this domain can be calculated
based on Eq. (13),

sa
xz ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrYÞ2 � ðn2 � n þ 1Þðra

zzÞ
2

3

s
for cs � jxj � cp: ð35Þ

Similar approaches for approximating the adhesive peel stress in
the elasto-plastic adhesive problem have been made by Adams et al.
[19] and Yang et al. [23]. However, the z-direction force equilibrium
of the adhesive peel stress was not enforced in their analyses and
the adhesive peel strain throughout the entire yielded region was com-
puted based on elastic constitutive behavior. In the present analysis,
the adhesive peel stress and strain are approximated by the elastic sol-
ution over a portion of the yielded region ðcs � jxj � cpÞ. Furthermore,
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the total peel stress profile, ra
zzðxÞ, is defined such that z-direction force

equilibrium is correctly satisfied, specificallyZ c

�c

ra
zzðxÞdx ¼ 0: ð36Þ

In order to solve the governing equations [Eqs. (4) and (8)] within
the yielded region, determination of the yielded region size (cs) and
the fixed stress domain size (cp) is crucial. The size of the fixed stress
domain (cp) is determined based on observation of stress profiles calcu-
lated by nonlinear finite element models. These models and results are
summarized in the Appendix. The elastic adhesive peel stress profile
from Eq. (28), calculated for�c � x � c at the given in-plane tension
load Nx ðNx > N1

x Þ, has been truncated by the first yield adhesive peel
stress, r1

zz, as can be seen in Figure 5. After cp is determined from this
truncation point, the adhesive peel stress profile within the region
�cp � x � cp is recalculated to satisfy Eq. (36) (solid line in Figure 5).
The specific joint parameters for the calculations in Figure 5 are listed
in the Appendix. N1

x is 107 N=mm for these specific joint parameters
and Nx is chosen as twice the yielding load, N1

x , in order to show the
distinctive yielded regions which have initiated at the locations
x ¼ � c.

FIGURE 5 Computation of the size of fixed stress domain.
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Note that the coefficients C1 and C2 must be updated to reflect the z-
direction force equilibrium [Eq. (36)] and continuity of the adhesive
peel stress profile at x ¼ cp. These updated C1 and C2 are defined as
Cu

1 and Cu
2. The adhesive peel stress, ra

zz, integrated from�c to c should
yield no net force. Inside the fixed stress domain (cp � jxj � c), the
adhesive peel stress is fixed to the first yield adhesive peel stress,
r1

zz, and the integration of the adhesive peel stress inside this domain
is 2r1

zzðc� cpÞ. Eq. (36) is rewritten using Eq. (28) within the region
ð�cp � x � cpÞ:

X1Cu
1 þ X2Cu

2 þ 2r1
zzðc� cpÞ ¼ 0; ð37Þ

where

X1 ¼
Ea

ð1� n2Þb cos bcp sinh bcp þ sin bcp cosh bcp

	 

; ð38Þ

X2 ¼
Ea

ð1� n2Þb sin bcp cosh bcp � cos bcp sinh bcp

	 

: ð39Þ

The adhesive peel stress profile should be continuous inside the
whole adhesive domain. Hence, the updated adhesive peel stress pro-
file within �cp � x � cp should have the same stress value, r1

zz, at the
boundaries of the fixed stress domain x ¼ � cp. This condition is
expressed as

X3Cu
1 þ X4Cu

2 ¼ r1
zz; ð40Þ

where

X3 ¼
Ea

ð1� n2Þ cos bcp cosh bcp; ð41Þ

X4 ¼
Ea

ð1� n2Þ sin bcp sinh bcp: ð42Þ

Eqs. (37) and (40) are solved simultaneously and the updated coeffi-
cients Cu

1 and Cu
2 are thereby determined.

Cu
1

Cu
2

� �
¼ r1

zz

X1X4 � X2X3

2X4ðcp � cÞ � X2

2X3ðc� cpÞ þ X1

� �
ð43Þ

In Figure 6, the analytically predicted adhesive peel stress profile is
compared with the corresponding Finite Element Analysis (FEA)
results. Details about the finite element model are given in the Appen-
dix. The adhesive peel stress, ra

zz, is normalized by the yield stress, rY .
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The adhesive shear stress solution within the elastic region
ð�cs � x � csÞ can be computed using Eq. (29). Note that the adhesive
shear stress solution within the varying stress domain (cs � jxj � cp) is
given by Eq. (35) since the peel stress profile is now established by Eq.
(28) with the updated integration coefficients Cu

1 and Cu
2 given in Eq.

(43). The integration coefficient C3 used in Eq. (29) should also be
updated to enforce continuity of the adhesive shear stress profile at
x ¼ � cs. This updated C3 is defined as Cu

3:

Cu
3 ¼

1

2Ga cosh kcs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrYÞ2 � ðn2 � n þ 1Þðra

zzjx¼cs
Þ2

3

s
: ð44Þ

Cu
3 is found to be a function of the yielded region size, cs, which is

unknown a priori. The in-plane tension load being in equilibrium with
the adhesive shear stress is used to establish another relationship
between cs and Cu

3. Z c

�c

sa
xzðxÞdx ¼ Nx: ð45Þ

Substituting Eqs. (29) and (35) into Eq. (45) and piecewise integrat-
ing over the half symmetric domain 0 � x � c yields the relationship

FIGURE 6 Adhesive peel stress predicted by analytical model and FEA.
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Z cs

0

2Cu
3Ga coshðkxÞdxþ

Z cp

cs

sa
xzdxþ s1

xzðc� cpÞ ¼
Nx

2
: ð46Þ

Note that the adhesive shear stress, sa
xz, is integrated numerically

using the trapezoidal rule between cs to cp due to the difficult form
of this function within the varying stress domain [see Eqs. (28) and
(35)] not permitting exact closed-form integration. Two equations
[Eqs. (44) and (46)] are used to determine the two unknowns Cu

3 and
cs; since these equations cannot be solved explicitly because of the non-
linear terms in the equations, the following iterative method has been
used:

1. Make initial guess for cs (0 � cs � cp).
2. Compute Cu

3 from the adhesive shear stress continuity condition
[Eq. (44)].

3. Evaluate Eq. (46).
4. If Eq. (46) is not satisfied, the value of cs should be changed.
5. Iterate this routine until Eq. (46) is satisfied.

In Figure 7, the analytically predicted adhesive shear stress profile
is compared with the corresponding FEA results. Von Mises effective
stress is computed using Eq. (13) and compared with corresponding

FIGURE 7 Adhesive shear stress predicted by analytical models and FEA.
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FEA results in Figure 8. The analytical solution predicts peak shear
stress magnitude and location very well with respect to the FEA
results. Also, the effective stress profile in Figure 8 is well matched.

ADHESIVE STRAIN SOLUTIONS

Two strain components of interest within the adhesive are peel strain,
ea
zz, and shear strain, ca

xz. These quantities must be computed separ-
ately within the different adhesive domains due to the nature of how
yielding affects the mathematical form of the governing equations
[Eqs. (4) and (8)]. Continuity conditions are enforced between the
domains and serve as boundary conditions for these solutions.

Peel strain within the domain �cp � x � cp can be calculated using
Eq. (16) with updated coefficients Cu

1, Cu
2 [see Eq. (43)].

ea
zzðxÞ ¼ Cu

1 cos bx cosh bxþ Cu
2 sin bx sinh bx for � cp � x � cp: ð47Þ

Within the domain cp � jxj � c, peel strain must be determined by
integrating Eq. (8). Recognizing that peel stress is fixed at r1

zz in this
domain, the peel strain is

ea
zzðxÞ ¼ �

r1
zz

taD1

x4

12
þ P1

x3

6
þ P2

x2

2
þ P3xþ P4 for cp � jxj � c: ð48Þ

FIGURE 8 Von Mises effective stress predicted by analytical model and FEA.
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The integration constants P1 to P4 are found via continuity of the
peel strain solution at x ¼ cp, using Eq. (47) and derivatives evaluated
at this location.

P1 ¼
2r1

zzcp

t1D1
þ 2b3ð�Cu

1 þ Cu
2Þ cos bcp sinh bcp

� 2b3ðCu
1 þ Cu

2Þ sin bcp cosh bcp ð49Þ

P2 ¼
r1

zzc
2
p

t1D1
� P1cp � 2Cu

1b2 sin bcp sinh bcp þ 2Cu
2b2 cos bcp cosh bcp

ð50Þ

P3 ¼
r1

zzc
3
p

3t1D1
�

P1c2
p

2
� P2cp þ ðCu

1 þ Cu
2Þb cos bcp sinh bcp

þ ðCu
2 � Cu

1Þb sin bcp cosh bcp ð51Þ

P4 ¼
r1

zzc
4
p

12t1D1
�

P1c3
p

6
�

P2c2
p

2
� P3cp þ Cu

1 cos bcp cosh bcp

þ Cu
2 sin bcp sinh bcp ð52Þ

The peel strain solution [Eqs. (47) and (48)] plotted in Figure 9 is
found to match FEA results closely.

Shear strain within the elastic domain �cs � x � cs can be calcu-
lated using Eq. (17) with updated coefficients Cu

3 [see Eq. (44)].

ca
xzðxÞ ¼ 2Cu

3 cosh kx for � cs � x � cs: ð53Þ

The adhesive shear strain within the yielded region ðcs � jxj � cÞ
cannot be analytically found and, thus, is computed by integrating
Eq. 4 using Runge-Kutta fourth order numerical integration. The
second order ordinary differential equation [Eq. (4)] is redefined as a
linear system of two first order ordinary differential equations:

ca
xz ¼ s1; ð54Þ

dca
xz

dx
¼ s2: ð55Þ

The adhesive shear strain governing equation within the yielded
region becomes

s02 ¼
1

ta

2

E1t1
þ t2

1

2D1

� �
sa

xzðxÞ for cs � jxj � c: ð56Þ
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Two initial conditions (s1, s2) are needed at x ¼ cs. These initial
conditions can be obtained from Eq. (53) to enforce the continuity
conditions of the adhesive shear strain profile at this location:

s1jx¼cs
¼ 2Cu

3 cosh kcs; ð57Þ

s2jx¼cs
¼ 2kCu

3 sinh kcs: ð58Þ

In Figure 10, the analytically predicted adhesive shear strain pro-
file is compared with the corresponding FEA results. The effective
strain can be computed by Eq. (59) as a function of adhesive peel
and shear strain only:

eeff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3
ðea

zzÞ
2 þ 1

3
ðca

xzÞ
2

r
: ð59Þ

In Figure 11, the analytically predicted adhesive effective strain
profile is compared with the corresponding FEA results.

The deviation of the shear and effective strain profiles from the FEA
results is due to the basis of the analytical model on the shear lag and
beam on elastic foundation formulations that compute strain from the
relative adherend displacements. Therefore, the analytical model is
not able to satisfy the traction-free boundary condition at the adhesive

FIGURE 9 Adhesive peel strain predicted by analytical model and FEA.
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FIGURE 10 Adhesive shear strain predicted by analytical model and FEA.

FIGURE 11 Effective strain predicted by analytical model and FEA.
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free surfaces, and the strain localization at the joint interface corners.
Both traction-free boundary condition and strain localization effects
are captured by nonlinear FEA models having sufficient mesh
refinement.

FIGURE 12 Algorithm for elasto-plastic analysis.
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ANALYSIS PROCEDURE SUMMARY

The elasto-plastic analysis of bonded lap joints is summarized by the
flow chart in Figure 12.

CASE STUDIES

The analytical model is demonstrated using two example case studies
examining the variation of the adhesive thickness, ta. Complementing
the ta ¼ 0.66 mm adhesive thickness of the previous example calcula-
tions shown in Figures 5 to 11, these two studies have bondline thick-
ness values of ta ¼ 0.33 and 1.02 mm. Parameters used in the
calculations are listed in Table 1 while all adhesive and adherend
material properties are given in the Appendix. Note that cs and cp

are measured from the center of the joint.
For each case study, the normalized adhesive peel and shear stress

profiles are plotted in Figures 13 to 18 and compared with correspond-
ing FEA results taken along the adhesive midplane. The adhesive peel
and shear strain profiles are also plotted in Figures 13 to 18 and com-
pared with corresponding FEA results computed from the relative
adherend displacements taken along the adhesive-adherend inter-
faces. Note that the FEA displacement readings (u, tangential and
w, normal) always include the rigid body translations and rotations.
These rigid body motions must be removed in post-processing to com-
pute correctly the adhesive shear and peel strain [Eqs. (1) and (6)]
from FEA. Load Nx is chosen as twice the yielding load, N1

x , for each
case study. In all FEA models, adhesive shear stress profiles satisfy
the traction-free condition at both free surfaces of the adhesive (at
x ¼ � c) and, thus, to go zero. Note that this condition cannot be satis-
fied by the shear-lag based analytical model.

TABLE 1 Case Studies

Case study Case I Previous example calc. Case II

c (mm) 12.7 12.7 12.7
ta (mm) 0.33 0.66 1.02
N1

x (N=mm) 75 107 132
r1

zz (MPa) 31.04 31.03 31.02
s1

xz (MPa) 19.63 19.64 19.65
Nx (N=mm) 150 214 264
cs (mm) 11.3 11.0 10.6
cp (mm) 12.1 12.1 12.0
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FIGURE 13 Case I adhesive peel stress and strain, ta ¼ 0.33 mm,
c ¼ 12.7 mm.
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FIGURE 14 Case I adhesive shear stress and strain, ta ¼ 0.33 mm,
c ¼ 12.7 mm.
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FIGURE 15 Case I adhesive effective stress and strain, ta ¼ 0.33 mm,
c ¼ 12.7 mm.
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FIGURE 16 Case II adhesive effective peel stress and strain, ta ¼ 1.02 mm,
c ¼ 12.7 mm.
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FIGURE 17 Case II adhesive shear stress and strain, ta ¼ 1.02 mm,
c ¼ 12.7 mm.
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FIGURE 18 Case II adhesive stress and strain, ta ¼ 1.02 mm, c ¼ 12.7 mm.
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The case studies plotted in Figures 13 to 18 show that the analytical
model is capable of predicting adhesive stress and strain quantities
with reasonable accuracy over a range of bondline thickness. While
the shear stress, sa

xz, and effective stress, reff , magnitudes and profiles
along the overlap were particularly well matched with FEA, the
maximum peel stress was consistently under-predicted. Peel strain,
ea
zz, was over-predicted for thin bondlines, but was under-predicted

for ta ¼ 1.02 mm, relative to FEA. This is due to the localization of
plastic strain at the overlap interface corners, resulting in severely
uneven distribution of strain in the though-bond-thickness direction
that the FEA can predict, but the analytical models cannot. For
the cases analyzed, maximum shear strain, ca

xz, was consistently
over-predicted by the analytical model. Also, the maximum effective
strain, eeff , was consistently over-predicted at x ¼ � c. This is due to
the analytical models being based on shear lag and beam on elastic
foundation theories which are not able to capture the traction-free
boundary condition at the ends of the joint. Therefore, using a failure
criterion based on maximum effective strain would result in conserva-
tive failure load predictions.

CONCLUSIONS

An analytical model to predict the adhesive shear and peel stress and
strain profiles for a symmetric single lap joint with elastic-to-perfectly
plastic adhesive has been derived based on the shear lag and beam on
elastic foundation models. The relationship between adhesive peel and
shear stresses within the yielded region of the adhesive is found to be
well described by the von Mises yielding criterion. The models predict
the elastic-to-plastic transition location within the adhesive, and accu-
rately predict shear stress to within 1% and peel stress to within 13%,
for the case analyzed. The effective stress profile for all cases is almost
identically predicted, relative to FEA, and the maximum effective
strain is consistently over-predicted, which would result in conserva-
tive estimates of failure load when using an effective strain based
failure criterion.
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APPENDIX

FEA was conducted to assess analytical model accuracy and to justify
the selection of the fixed stress domain size, cp. The boundary con-
ditions of the finite element model with the mesh are shown in
Figure A1. Eight-noded plane strain elements with full-integration
(CPE8) in ABAQUS=Standard v6.5–4 were used in this analysis.
The joint parameters including specific constitutive behavior repre-
senting a structural epoxy adhesive (PTM&W ES6292 two-part paste

FIGURE A1 FEA mesh.

TABLE A1 Joint Parameters

Adhesive Ea (GPa) 2.590
Ga (GPa) 0.927
n 0.4
ta (mm) 0.66
rY (MPa) 43.46

Adherends E1 (GPa) 27.7
t1 (mm) 2.49
D1 (Nmm) 35.6�103

2c (mm) 25.4
Joint N1

x (N=mm) 107
r1

zz (MPa) 31.03
s1

xz (MPa) 19.63

868 J. Lee and H. Kim
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adhesive, PTM&W Industries, Santa Fe Springs, CA, USA) are listed
in Table A1. These joint parameters were used for the example calcu-
lations shown in Figures 5 to 11. The adherends are 2.48 mm thick
carbon=epoxy cloths of layup [0=45=–45=0].

The selection of cp was motivated by the comparison of the adhesive
peel stress profile between the nonlinear finite element model and the

FIGURE A2 Determination of fixed stress domain size cp.
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elastic analytical model under wide variation of the adhesive thick-
ness, ta, and the in-plane tension load, Nx, which is chosen as 250%
and 300% of N1

x (first yielding load) to cover a wide variation of in-
plane force after yielding first occurs at N1

x . In Figure A2, the adhesive
peel stress profile from the initial analytical prediction with linear
elastic adhesive property is plotted with the heavily dashed line, and
the fine dashed line is the nonlinear FEA prediction. The crossing
points of these two profiles are well approximated by the intersection
of the first yield adhesive peel stress, r1

zz (horizontal line), and the
initial elastic solution, as can be seen in Figure A2 for a range of
adhesive thickness. The solid line plotted in Figure A2 is the updated
adhesive peel stress profile after the size of the fixed stress domain, cp,
is determined. The updated adhesive peel stress solution strictly satis-
fies the z-direction force equilibrium.
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